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Summary
In [1], Arakawa and Kaneko defined a zeta function called the Arakawa-Kaneko zeta function as the Mellin
transform of the generating function of poly-Bernoulli numbers of C-type, in the context of finding a zeta
function whose values are expressed by poly-Bernoulli numbers. Indeed, this function is analytically continued
to an entire function, and values at non-positive integers are written by poly-Bernoulli numbers of C-type
([1, Theorem 6 (i)], [11, Remark 2.4, Theorem 4.6]). By the calculation of the Arakawa-Kaneko zeta function,
one can obtain a kind of duality formula ([11, Remark 4.8], [6, Theorem 3]) which includes the duality
formula for poly-Bernoulli numbers of C-type ([10, Section 2, Corollary]). The values of the Arakawa-Kaneko
zeta function (the Arakawa-Kaneko zeta values) at positive integers are expressed by multiple zeta values
([1, Corollary 10]) or multiple zeta-star values ([14, Theorem 3.3]). These facts lead some relations among
multiple zeta values ([1, Corollary 11]). Since the Arakawa-Kaneko zeta function is entire as mentioned
above and is written by multiple zeta functions of one-variable ([1, Theorem 6(ii)]), one can regard that the
Arakawa-Kaneko zeta function gives one of the methods for removing singularities of multiple zeta functions,
such as the renormalization ([3], [13], et al.) and the desingularization ([2]).
In [11], Kaneko and Tsumura introduced an analog of the Arakawa-Kaneko zeta function called the
Kaneko-Tsumura zeta function as the Mellin transform of the generating function of poly-Bernoulli numbers
of B-type. This function is also analytically continued to an entire function, and values at non-positive integers
are written by multi-poly-Bernoulli numbers of B-type ([11, Theorems 2.3, 4.4]). Moreover, this expression
leads to a kind of duality formula ([11, Theorem 4.7, Remark 4.8]) which includes the duality formula for
poly-Bernoulli numbers of B-type ([9, Theorem 2]). About the values at positive integers, Kaneko and
Tsumura proved formulas ([11, Theorem 2.5]) which have remarkable similarity, that is, one can obtain the
formula for the Kaneko-Tsumura zeta values just by replacing multiple zeta values in the formula for the
Arawaka-Kaneko zeta values with multiple zeta-star values. As we have seen above, the Arakawa-Kaneko
and the Kaneko-Tsumura zeta functions have some common properties. This gives the reason why these
functions are often regarded as “a twin sibling.”
The multi-variable Kaneko-Tsumura zeta function, which is defined by replacing the multiple polyloga-
rithm in the definition of the one-variable Kaneko-Tsumura zeta function with the multi-variable multiple
polylogarithm, is studied in [11] and [15]. Considering such a multi-variable generalization, one can inves-
tigate poly-Bernoulli numbers and multiple zeta values more precisely. Indeed, by an analytic continuation
of the multi-variable Kaneko-Tsumura zeta function and an expression of values at non-positive integers
([11, Theorem 5.7]), one can show a duality formula for multi-indexed poly-Bernoulli numbers of B-type
([11, Theorem 5.4]), which is a natural generalization of that for poly-Bernoulli numbers of B-type and
its extension due to Hamahata, Masubuchi ([4, Corollary 10]), and Kamano ([8, Corollary 3(ii)]). In [15],
Yamamoto defined the multi-variable Kaneko-Tsumura zeta function with complex indices. He obtained
its analytic continuation to an entire function and generalized the duality formula for multi-indexed poly-
Bernoulli numbers of B-type to a functional equation of the multi-variable Kaneko-Tsumura zeta function
([15, Corollary 2.5]). In particular, by this statement for the one-variable Kaneko-Tsumura values at positive
integers (conjectured by [11], given a combinatorial proof by [12]) together with the formulas for the values at
positive integers ([11, Theorem 2.5]), one can deduce a family of relations for multiple zeta values. Similarly,
with the fact that the multi-variable Kaneko-Tsumura values at positive integers are written as a Q-linear
combination of multiple zeta values ([15, Theorems 4.2, 4.6], Theorem C.12 in this paper), one can deduce a
family of relations for multiple zeta values and observe that the family from the multi-variable case is larger
than that from the one-variable case.
Recalling the correspondence between the Arakawa-Kaneko zeta and the Kaneko-Tsumura zeta functions
in the one-variable case, if one defines a multi-variable Arakawa-Kaneko zeta function as the Mellin transform
of the generating function of multi-indexed poly-Bernoulli numbers of C-type, it should have properties that
correspond to those of the multi-variable Kaneko-Tsumura zeta function. According to previous researches,
one can obtain information on poly-Bernoulli numbers in the case where the entries of the associated index
are all non-positive and that on multiple zeta values in the case where the entries of the associated index
are all positive. In our study, therefore, we considered the cases where the entries of the associated index
are all non-positive or positive. It was revealed that the multi-variable Arakawa-Kaneko zeta function has
1
properties that are natural generalizations of those for the one-variable Arakawa-Kaneko zeta function and
natural analogs of those for the multi-variable Kaneko-Tsumura zeta function.
This thesis is mainly based on [6] and [7]. In Section 2, we obtain the analytic continuation of the Arakawa-
Kaneko zeta function for non-positive indices (Theorem 2.4) and deduce a duality formula for multi-indexed
poly-Bernoulli numbers of C-type (Theorem 2.6), which is a generalization of that for poly-Bernoulli numbers
of C-type. To prove this, we have to estimate multiple polylogarithms more accurately than previous research.
In Section 3, we study the Arakawa-Kaneko zeta function for positive indices. We obtain its analytic
continuation and expressions of values at non-positive or positive integers. Specifically, the Arakawa-Kaneko
zeta values at non-positive integers are written by multi-indexed poly-Bernoulli numbers of C-type (Theo-
rem 3.3). This result is a natural analog of our Theorem 2.6. We need different techniques to obtain a key
estimation, however, since the behavior of polylogarithms are quite different whether the associated indices
are non-positive or positive. We also prove that the Arakawa-Kaneko zeta values at positive integers are in
the Q-linear space spanned by multiple zeta values (Theorem 3.11). This result is related to a claim on the
multi-variable Kaneko-Tsumura zeta values due to Yamamoto ([15, Theorems 4.2, 4.6]) which insists that
some families of the multi-variable Kaneko-Tsumura zeta values at positive integers are in the space spanned
by multiple zeta values. Our Theorem 3.11 gives a general answer for the multi-variable Arakawa-Kaneko
zeta values.
Appendices are devoted to summarize basic facts, complete some postponed proofs, and state our ongoing
study. In Appendix A, we review two general methods for analytic continuation used by previous researches
[1] and [11] and then explain how we make our problem handleable by the second method.
In Appendix B, we state the basic properties of multi-variable multiple polylogarithms implicitly needed
in our paper, such as a domain of absolute convergence and the analytic continuation of the function.
In Appendix C, we introduce the Landen type connection formula for hyperlogarithms with its application
on the calculation of the multi-variable Kaneko-Tsumura zeta values. We firstly show some explicit formulas
(Theorem C.5, Corollary C.6) proved by the author and then introduce a general statement pointed out by
Sato and proved by his previous work [5]. With the aid of this statement, we can apply the same argument
discussed in proof of our Theorem 3.11 on the problem for the multi-variable Kaneko-Tsumura zeta values.
The consequence is that the multi-variable Kaneko-Tsumura zeta values at positive integers are in the space
spanned by multiple zeta values (Theorem C.12), in other words, a general answer to the Yamamoto’s
problem. Appendix C is based on a joint work in progress with Sato (Kyusyu Univ.).
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